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Application of Axisymmetric Analog for
Calculating Heating in Three-Dimensional Flows
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A rapid, approximate method has been developed for calculating the heating rates on three-dimensional
vehicles such as the Space Shuttle Orbiter and other advanced re-entry configurations. The method is based on
the axisymmetric analog for three-dimensional boundary layers and uses information obtained from a three-
dimensional inviscid flowfield solution to calculate inviscid surface streamlines along which approximate heating
rates are calculated independent of other streamlines. Three-dimensional effects are included through the
streamline metric coefficient. Boundary-layer edge properties are obtained from the inviscid flowfield solution
by interpolation at a distance equal to the boundary-layer thickness away from the wall. This accounts, approx-
imately, for the variable boundary-layer edge entropy. Using this method, heating calculations can be made
along a typical streamline in a few seconds. This method is shown to accurately predict heating rates over the
Shuttle Orbiter for both wind tunnel and flight conditions. A unique feature of the method is its ability to ac-
curately predict heating rates on the Shuttle Orbiter wing.

Nomenclature
b = wing span of Shuttle Orbiter
C = wing chord
h = streamline metric
L = vehicle length
M = Mach number
p = pressure
q — heating rate
r,0,0 = spherical coordinates
Re = Reynolds number
s,/3,n = streamline coordinates (see Fig. 2)
T = temperature
u,v,w = velocity components in boundary layer
ur,uztu^ = velocity components in cylindrical coordinates
uf)ue>u^ = velocity components in spherical coordinates
V = total velocity

x>y>z- = Cartesian coordinates
x,y,z = local Cartesian coordinate system through

stagnation point (see Fig. 4)
z,r,(f) = cylindrical coordinates
z* = distance from wing leading edge
Zp = location of pole of spherical coordinate system
a. = angle of attack
e =cone angle relative to z axis (see Fig. 4)
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Subscripts

b

= independent variable of integration in stagnation
region, Eq. (4)

= body
= freestream

Introduction

T HE calculation of aerodynamic heating on advanced en-
try configurations is a challenging problem. Configura-

tions of current interest are usually three-dimensional
(nonaxisymmetric) bodies that can operate at large angles of
attack during periods of peak heating. In many cases, it is
possible to calculate heating in regions of attached flow us-
ing a "classical approach" where the outer inviscid flow is
computed independent of the boundary layer and is used to
provide edge conditions for a three-dimensional boundary-
layer calculation near the surface.

A simple method of computing the boundary layer is to
use the "axisymmetric analog'1 for three-dimensional bound-
ary layers.1 Following this approach, the general three-
dimensional boundary-layer equations are written in a
streamline coordinate system and the crossflow velocity is
assumed to be zero. This reduces the three-dimensional
boundary-layer equations to a form identical to those for ax-
isymmetric flow, and allows any axisymmetric boundary-
layer program to be used to compute the approximate three-
dimensional heating along a streamline in regions where the
small crossflow assumption is valid. By considering multiple
streamline paths, an entire vehicle can be covered.

It has been shown that the crossflow in the boundary layer
is small when the streamline curvature is small2 or when the
wall is highly cooled.3 Thus, the small crossflow assumption
is valid for many practical applications.

The most difficult part of applying this technique is com-
puting the inviscid surface streamline paths and the metric
coefficient associated with the spreading of the streamlines.
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Relatively simple methods have been developed for com-
puting the streamline information from a known surface
pressure distribution.4'5 However, this approach has proven
to be very difficult to apply except for relatively simple body
shapes because of the difficulty in obtaining accurate surface
pressure distributions. More success has been achieved by
computing the streamline information from an inviscid
velocity field obtained from a three-dimensional flowfield
calculation.6

In the present paper, a new method is formulated for
calculating the streamline paths and metric coefficient in
three-dimensional flows using the inviscid velocity field. This
method has proven to be very accurate and "robust." This
new technique will be described and validated by comparing
it with wind tunnel and previously published flight data for
the Shuttle Or biter. Comparisons will be made both along
the windward-symmetry plane and off the symmetry plane,
including the lower surface of the wing.

Analysis
This section presents a discussion of the present approx-

imate method for calculating heating rates in three-
dimensional flows applicable to advanced re-entry vehicles
such as shown in Fig. 1.

Axisymmetric Analog
Following the approach of Cooke,1 the general three-

dimensional boundary-layer equations are first written in a
streamline-oriented coordinate system (s,/3,w), where s is
measured along an inviscid surface streamline, /3 is tangent
to the surface and normal to the streamline direction, and n
is normal to the surface (see Fig. 2). If the crossflow velocity
in the boundary layer is neglected, the boundary-layer equa-
tions reduce to the same form as for axisymmetric flow, pro-
vided that distance along a streamline is interpreted as
distance along an equivalent axisymmetric body and that the
metric coefficient h that describes the spreading of
streamlines is interpreted as the radius of an equivalent ax-
isymmetric body. This greatly simplifies the boundary-layer
problem and means that approximate three-dimensional
heating rates can be computed along individual streamlines
independent of other streamlines. However, a method must
be devised for calculating the inviscid surface streamlines
and metric coefficients.

Inviscid Surface Streamlines and Metric Coefficient
Previous approaches for calculating the streamline and

metric coefficients using a known surface pressure distribu-
tion4 have proven to be unsatisfactory except for relatively
simple cases such as sphere cones. The reason can be traced
to the fact that the streamline metric calculations require sec-
ond derivatives of the pressure. When these derivatives were
calculated by finite-difference techniques, they proved to be
inaccurate in many cases. A better approach is to use in-
viscid surface velocity components, when they are available,
to perform the streamline and metric computations. This ap-
proach requires only first derivatives of the velocity com-
ponents, which can be generated numerically with more ac-
curacy than second derivatives.

The present method uses velocity components calculated
by a three-dimensional inviscid flowfield solution, HALIS,7

and a simple finite-difference technique to calculate their
partial derivatives. The HALIS code provides the velocity
components in spherical polar coordinates in the nose region
and cylindrical coordinates in the region downstream of the
nose (Fig. 3). However, for consistency, the surface
geometry is described in cylindrical coordinates in both
regions.

Nose Region
In this region, the inviscid velocity components (uf)ue>u^)

are given in spherical polar coordinates (r,0,$), and the body
geometry is described in cylindrical coordinates (z,r,<t>) in the
functional form

rb=rb(z,<l>) (1)

Thus, the position of a streamline on the surface can be
determined from the two independent variables z and </>. The
inviscid velocity is used to calculate the successive positions
of a streamline as it wraps around the body by integrating
the ordinary differential equations8

DT

Dz
DT = (-s in0M0+ cos6ur-)rb

(2)

(3)

where r is the variable of integration, which is related to the
distance along a streamline s by the relation

Ds
DT (4)

The use of T instead of s as the integration variable
eliminates some of the singularity problems at the stagnation
and nose points. The streamline metric h along a streamline

Body Surface

Fig. 2 Typical streamline and boundary-layer velocity profile.

(a) Symmetry Plane (b) Cross Section

Fig. 1 Typical advanced re-entry vehicle. Fig. 3 Coordinate systems.
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is determined by first integrating the equation

D sin0 ue • + sm0 cos0 ufi (5)

and then using the parameter [sin0«0 (d</>/d/3) ] to calculate h
from the equation8

f / d6 \ r / drh \2 / I dr* X2!1/2^* = r"J-sin0W0——) 1 + 1 — — — I + ( — — — — )
ib\ e dp ) L V dz / \ rb d<t> / J )

I • /\ ^b \-s- K I sm0 — —•— cosa I (6)
\ dz /

To establish the initial location of a streamline, first the
stagnation point is located. Then the axis of a cone is
established by the line connecting the stagnation point and
the pole, or origin, of the spherical polar coordinate system
(Fig, 4). A cone of half-angle e is formed about this axis with
its apex at the pole. The intersection of this cone with the
body gives the curve along which the initial position of each
streamline is specified. The location of each streamline on
this curve is defined by the coordinate /3, which is the cir-
cumferential angle about the cone axis. When the stagnation
point lies on the nose point (z= 0), the coordinate 0 on the
intersection of the cone with the body coincides with the cir-
cumferential angle </>.

Region Downstream of Nose
In this region, both the inviscid velocity components

(u^u^u^) and the body geometry are described in cylin-
drical coordinates (z,r,0). The position of the streamline on
the surface is determined by integrating the following dif-
ferential equations:

Ds

Dz
Ds

(7)

(8)

where s is distance along a streamline. The streamline metric
h along a streamline is determined by first integrating the
equation

D
~Ds~

drh

d<t>
(9)

and then the parameter d</>/d/3 is used in the equation

rb d<t>

to finally calculate h.

Boundary-Layer Solution
With the axisymmetric analog, any axisymmetric

boundary-layer method can be applied along a streamline to
obtain a boundary-layer solution. In the present case, sur-
face heating rates are the primary objective. Although these
heating rates could be obtained from a finite-difference solu-
tion of the full axisymmetric boundary-layer equations, this
is unnecessary because very accurate results can be obtained
more easily from the approximate heating relations
developed by Zoby et al.9 These heating rate relations, valid
for both laminar and turbulent flow, have been shown to
yield results that compare favorably with more exact solu-
tions for both wind tunnel and flight conditions,10'12 with
only a fraction of the computational effort required for a

full boundary-layer solution. These heating rate equations
are used exclusively in the present paper. Using this ap-
proach, heating rates along a typical streamline can be com-
puted in approximately 15-20 s on a CDC CYBER 730
computer.

Inviscid Flowfield Solution and Boundary-Layer Edge Properties
The method presented in the current paper for computing

heating in three-dimensional flows requires the three-
dimensional velocity field over the vehicle in order to
calculate the necessary streamline paths and metric coeffi-
cients. The only accurate method of obtaining this informa-
tion is from a three-dimensional inviscid flowfield solution.
While many methods are available, the only method known
to the present authors that can be applied to compute the in-
viscid flowfield over a complete vehicle (including the wings)
such as the Shuttle Orbiter is the HALIS code developed by
Weilmuenster and Hamilton.7 This method has been shown
to provide accurate flowfield results over the Shuttle Orbiter
at angles of attack as high as 45 deg (see Ref. 13).

The HALIS code is a time-dependent solution of the Euler
equations that is programmed to run on a vector-processing
computer. All of the heating rate calculations presented in
the present paper use the HALIS inviscid flowfield solutions.
A typical inviscid solution for the Shuttle Orbiter requires
approximately 90,000 grid points and 75 min of computing
time on the CDC CYBER 203 computer.

Boundary-layer edge properties are obtained by inter-
polating in the inviscid flowfield at a distance equal to the
boundary-layer thickness away from the wall. To accomplish
this, an initial assumption is made for the boundary-layer
edge properties (equal to the wall values), and then the solu-
tion is iterated until the assumed values for the edge proper-
ties are equal to the calculated values. This process usually
takes two or three iterations to converge and can be carried
out at each step as the heating calculations are being made.
A similar procedure has been used previously with good
results for both axisymmetric9 and three-dimensional14 flow.
Edge properties determined in this manner account, approx-
imately, for the variable boundary-layer edge entropy effect
that has been shown to be of great importance for high-
velocity entry conditions.

Results and Discussion
A relatively simple approximate method has been de-

scribed for computing the heating on the windward side of
three-dimensional vehicles such as the Space Shuttle Orbiter.
This method is based on the axisymmetric analog arid can be
applied to any vehicle for which the inviscid flowfield can be
computed. In this section, heating rates on the Shuttle Or-
biter calculated by this method will be compared with ex-
perimental data for both wind tunnel and flight conditions.

Wind Tunnel Comparisons e
Calculated heating rates along the windward-symmetry

plane of the Shuttle Orbiter are compared with wind tunnel

Intersection with Body Surface-

Fig. 4 Geometry of initial e cone.
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Fig. 5 Heating distribution along wind symmetry plane of
0.0175-scale Shuttle Orbiter for a = 35 deg.
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Fig. 6 Heating distribution along windward-symmetry plane of
0.0175-scale Shuttle Orbiter for a = 40 deg, Rew =3.6x 1.06/m.
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Fig. 7 Location of off-symmetry plane heating comparisons for
0.0175-scale Shuttle model.
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Fig. 8 Circumferential distribution of heating on 0.0175-scale Shut-
tle Orbiter.

data, measured on an 0.0175-scale (L = 0.576 m) model,15 in
Figs. 5 and 6. These data were obtained at a freestream
Mach number of approximately 8 and cover an angle-of-
attack range of 35 to 40 deg and a freestream Reynolds
number range of 3.6 x lOVm to__13.1 x 106/m.

Results for a 35 deg angle of attack are shown in Fig. 5.
At a freestream Reynolds number of 3.6xl06/m, the flow
along the windward symmetry plane is completely laminar,
and the calculations are in excellent agreement with the ex-
perimental data. At the higher Reynolds number of
13.1xl06/m, transition starts near z/L = 0.47 and the flow
becomes fully turbulent near z/L = 0.8. The calculated tur-
bulent results are in very good agreement with the ex-
perimental data from this point downstream. There is no
mechanism in the present code for "triggering" transition
automatically; thus, the beginning and end of transition
must be specified. The distribution of heating in the transi-
tion region is based on an exponential distribution function
similar to that used by Dhawan and Narasimha.16 The
results for heating in the transition region for this case are
excellent.

In Fig. 6, comparisons are shown for heating along the
windward symmetry plane for a 40 deg angle of attack and a
freestream Reynolds number of 3.6x 106/m. As was the case
at the lower angle of attack at this Reynolds number, the
flow is laminar and the calculated results are in excellent
agreement with the experimental data.

As has been demonstrated, the present method is capable
of predicting the heating along the windward-symmetry
plane of vehicles such as the Shuttle Orbiter, agreeing well
with the experimental data. Similar results can be obtained
for the heating along the windward-symmetry plane using
other much simpler methods11'12'17 which require much less
computational effort. However, the real utility of the present
method is its ability to compute the heating off the symmetry
plane. To demonstrate this capability, comparisons will be

presented for heating on the lower surface of the Shuttle Or-
biter at the locations marked in Fig. 7.

First, comparisons of the lateral distributions of heating
on the lower surface of the fuselage are presented at two ax-
ial stations (z/L = 0.1 and 0.3) in Fig. 8. These results were
obtained at an angle of attack of 35 deg for the same flow
conditions as the data in Fig. 6. The heating rate is presented
as a function of circumferential angle </> starting in the
windward-symmetry plane (</>=- ir/2) and proceeding
toward the leeward symmetry plane (</> = 7r/2). Calculations
are not shown for values of </> greater than 10 deg because
the flow on the leeward side of the vehicle is viscous-
dominated at this angle of attack, and the present method is
unable to account for this effect. The calculated results are
in reasonably good agreement with the experimental data at
each axial station, although the experimental data are
slightly overpredicted near the peak at z/L = 0.1 (see Fig.
8a).

A comparison of calculated and measured heating rates on
the wing at values of 2x/b = 0.5Q and 0.75 are shown in Fig.
9. These results are presented as local heating rate vs non-
dimensional distance along the wing chord z*/C. The com-
parisons at the "midwing" location, 2jt/& = 0.50, are
presented in Fig. 9a. There is some scatter in the data, and
the calculated results are slightly higher for z*/C=0.2 to 0.3,
but the overall comparisons are very good. Even the high
heating on the wing leading edge is predicted with reasonable
accuracy.

Comparisons at the more outboard wing location,
2x76 = 0.75, are presented in Fig. 9b. Again, the calculated
heating rate is in very good agreement with the measured
heating rate except near z*/C = 0.7 to 0.8, where the
measured heating is much lower. The much lower heating in
this region and at z*/C=0.2 to 0.3 for the "midwing" loca-
tion in Fig. 9a is probably the result of the "streak heating"
phenomenon that has been observed by other investigators.18
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Fig. 9 Streamwise distribution of heating on wing of 0.0175-scale
Shuttle Orbiter.
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Fig. 10 Heating distribution along windward-symmetry plane of
full-scale Shuttle Orbiter.
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Fig. 11 Location of off-symmetry plane heating comparisons for
full-scale Shuttle Orbiter.

More detailed inviscid solutions would be needed before this
phenomenon could be investigated any further using the
present theoretical method. There is some indication in the
present inviscid results18 which indicates a disturbance pro-
pagating across the wing from the intersection of the wing
shock and bow shock, but these disturbances do not appear
to affect the calculated heating rates.

Flight Data Comparisons
Next, comparisons are made between calculations and ex-

perimental data obtained in flight. The case considered is for
STS-2. The flight conditions are as follows: M00=9.15,
a = 34.8 deg, p^ = 100 N/m2, and Tw =260 K. The analysis
is performed for an ideal gas with 7=1.4. Comparisons of1
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Fig. 12 Circumferential distribution of heating on full-scale Shuttle
Orbiter.
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Fig. 13 Streamwise distribution of heating on wing of full-scale
Shuttle Orbiter at 2*76 = 0.5.

heating along the windward-symmetry plane for this case are
shown in Fig. 10. Also presented in the figure are some
laminar heating rates from STS-1 for the same flight condi-
tions. Although there is considerable scatter in the ex-
perimental data, the present calculations are in reasonably
good agreement. Heating rates calculated by a swept-cylinder
method17 that has been shown to give good results over a
wide range of flight conditions are also shown in the figure.
The heating rates calculated by the present method are also
in very good agreement with these results. The primary ad-
vantage of the present method over most other methods is
that it can be easily used to make calculations off the
windward-symmetry plane. Comparisons of calculated
heating rates with the flight data off the windward-symmetry
plane have been made at all of the locations marked in Fig.
11.

First, circumferential distributions of heating are presented
at two axial stations (z/L = OA and 0.4) on the fuselage of
the Shuttle Orbiter in Fig. 12. The present calculated results
are in very good agreement with the data.

A comparison of calculated heating with flight data for
the "midwing" location (2x/b = 0.5) is presented in Fig. 13.
Two theoretical curves are shown, one for laminar flow and
one for turbulent flow. The turbulent calculations were made
by starting transition at z/L = 0.2. At first glance the flight
data appear to behave very strangely, first being laminar,
then transitional, then laminar, then transitional, then
laminar again, and finally being fully turbulent near the
trailing edge of the wing. This behavior is quite easily ex-
plained when it is realized that the flow at different chord
locations on the wing has traveled along different
streamlines. This can be seen from the inviscid surface
streamline pattern for this case, shown in Fig. 14. Thus, flow
along one streamline can be transitional or even turbulent
while the flow on adjacent streamlines remains laminar. In
fact, this behavior fits the transition pattern observed for
this case by Hartung and Throckmorton,19 which is shown in
the transition front locations in Fig. 15.
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Fig. 14 Streamline pattern on full-scale Shuttle Orbiter.
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Fig. 15 Transition front on Shuttle Orbiter wing from STS-2 flight.
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Fig. 16 Streamwise distribution of heating on wing of full-scale
Shuttle Orbiter at

The heating at the more outboard location on the wing
(2x/Z? = 0.8) is presented in Fig. 16. The heating pattern for
this case is typical of that expected for a flow undergoing
transition. The flow near the leading edge of the wing is
laminar, then undergoes transition and finally becomes fully
turbulent near the trailing edge. The calculated heating in the
laminar and turbulent regions of the flow is in reasonably
good agreement with the flight data.

Concluding Remarks
A rapid, approximate method has been developed for

calculating the heating rates on three-dimensional vehicles
such as the Space Shuttle Orbiter and other advanced re-
entry configurations. The method is based on the axisym-
metric analog for three-dimensional boundary layers. It uses
information obtained from a three-dimensional inviscid
flowfield solution such as HALIS to calculate inviscid sur-
face streamlines along which approximate heating rates are
calculated independent of other streamlines. Three-
dimensional effects are included through the metric coeffi-
cient that describes the divergence or convergence of
streamlines. Boundary-layer edge properties are obtained
from the inviscid flowfield solution by interpolating in the
inviscid flowfield at a distance equal to the boundary-layer
thickness away from the wall. This accounts, approximately,
for the variable boundary-layer edge entropy. Using this
method, heating calculations along a typical streamline can
be made in a few seconds. This method has been shown to
accurately predict both laminar and turbulent heating rates
on the Shuttle Orbiter for both wind tunnel and flight
conditions.

One of the unique features of the present method is its
ability to compute heating rates off the windward-symmetry
plane for complex shapes such as the Shuttle Orbiter. This
ability has been demonstrated in the present paper by using
the method to predict heating rates on both the orbiter
fuselage and wing. In both cases, the predicted heating rates
were in good agreement with the experimental data. To the
authors' knowledge, this is the only detailed method that has
been demonstrated to accurately predict heating rates on the
wing of a vehicle as complex as the Shuttle Orbiter.
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